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This paper investigates the minimal degree of polynomials f E R[x] that  take exactly two 
values on a given range of integers {0, . . . ,  n}. We show that the gap, defined as n - - d e g ( f ) ,  is 
O(n'548). The maximal gap for n ~  128 is 3. As an application, we obtain a bound on the Fourier 
degree of symmetric Boolean functions. 

1. I n t r o d u c t i o n  

We consider polynomials  f E R[x] tha t  take only two values on the  domain 
{0 , . . . ,  n}. For each n, we ask how small the degree of such a (nonconstant)  
polynomial  can be. We may  assume without  loss of generali ty tha t  the range of f 
is {0,1}. Since arbi t rary  prescribed values can be interpolated by a polynomial  of 
degree at most  n, we may assume tha t  deg( f )  < n. Then  f is uniquely determined,  
and f E  Q[x]. We seek bounds on the gap between deg( f )  and n. 

More precisely, for any n > 1 and a = (a0, . . . ,  an) = (f(0) ,  . . . ,  f (n ) )  E Q n + l ,  
with f E Q[x] of degree at most  n, we define the gap of a as 

~/(a) = n - deg( f ) ,  

where the degree of any constant  polynomial  is taken to be zero. For n _> 1, the 
maximal gap is 

F(n) = max 7(a) ,  
aEAn 

where 

A n  = {0,  . . . ,  0) ,  (1 . . . .  , 1 ) } .  

As an example, if a = (1,0, . . . ,  0), then f has at least n zeros (at 1,2, . . . ,  n) and 
thus has degree at least n. But  d e g ( f ) < n ,  so tha t  d e g ( f ) = n  and ~/(a)=0.  
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In Section 2 we characterize the property "7(a) >_ r" by r linear equations 
in a0 , . . . ,  an. Then we exhibit a family of vectors with gap one and note that  
only an exponentially small fraction of vectors has positive gap. The upper bound 
r(n) < n / 2  is trivial. We show that P(n) =0  if n + l  is prime; using a bound on the 

gap between consecutive primes, we then obtain F(n) = O(n "548) in general. We 
conjecture that,  in fact, F (n )=O(1) .  

In Section 3 we introduce the notion of a folded vector. The characterization 
of the gap then leads to several infinite families of vectors, again with gap one, via 
the solution of certain Diophantine equations. In Section 4 we extend and combine 
these examples to obtain families with gap two or three, and then give further 
examples with gap one; the latter do not, however, give any new information about 
F. In Section 5 we report on a computer search which determined all vectors with 
positive gap for n < 128; the largest gap is 3. 

This research was motivated by work of Nisan and Szegedy [3]. They investi- 
gate the degree of polynomials in R[xl ,  . . . ,  xn] that  interpolate (or approximate) a 
given Boolean function g:{0,1} n --* {0,1}. The smallest degree of such interpolat- 
ing polynomials is the Fourier degree of g. If g is symmetric, there is an associated 
function f :  {0 , . . . ,  n} -~ {0,1} whose interpolation problem is equivalent to the 
original one. Bounds on F(n) are thus equivalent to bounds on the Fourier degree 
of symmetric Boolean functions. 

2. B o u n d s  on  t h e  G a p  

We begin by recalling a few basic facts from the theory of difference equations; 
see Graham, Knuth, and Patashnik [1] for a more complete discussion. Given 
g ~ R[x], we define its discrete derivative Dg by 

(Dg)(x) = (Dlg)(x)  = g(x) - g(x - 1). 

For i >_ 2, we define the discrete derivative Dig of order i inductively by 

Dig = D(Di - lg ) .  

Proposition 2.1. For g E R[x] and m >_ 1, the following hold: 

(i) (Drag)(x) = Eo<_j<m(-1) j (~)g(x  - j) .  

(ii) I f  deg(g) =m,  then d e g ( D g ) = m -  1. 
(iii) I f  g is constant, ~hen Dg=O. 
(iv) I f d e g ( g ) = m ,  then Drag is a nonzero constant. 
(v) Dmg=O ~ deg(g) < m. 

Proof. (i) follows by induction on m; (ii) and (iii) follow immediately when g is 
written out as a sum of monomials; and (iv) and (v) follow fl'om (ii) and (iii). | 

Now we characterize the gap y(a) in terms of binomial sums. 
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Theo rem 2.2. Let  n _> 1, a = ( a0 , . . . ,  an) E Q n + l ,  and let f E Q[x] be the unique 
interpolating polynomial with deg( f )  < n and f ( j )  = aj for 0 < j < n. Then for 
0 < r < n, the foflowing are equivalent: 

(i) 7(a)  > r, 

(ii) deg( f )  <_ n -  r, 

(iii) For n - r < m <_ n, we have 

(2.1) E ( - l ) J ( 7 ) a . i  = ( - 1 ) m ( D m f ) ( m ) = O "  
O<_j<m 

Proof.  We recall tha t  7 ( a ) = n - d e g ( f ) ,  note tha t  the first equat ion in (2.1) holds 
by Proposi t ion 2.1(i), and use induct ion on r. The  case r = 0  is trivial, and the case 
r = 1 follows from Proposi t ion 2.1(v). 

For the induct ion step, we assume tha t  the theorem holds for r = t - 1 ,  where 
t > 2, and show tha t  the theorem follows for r = t. By  definition, f is the minimal  
interpolat ing polynomial  for a0, . . . ,  an. We note tha t  

deg( f )  < n - t + t ~ f is also the (unique) minimal  

interpolant  for a0, . . . ,  an- t+l .  

Now using the case r = l  for interpolat ing at 0 , . . . ,  n - t + l  and the induct ion 
hypothesis  for interpolat ing at 0, . . . ,  n, we find tha t  

d e g ( f ) _ < n - t  r d e g ( f ) _ < n - t + l a n d  

(2.1) holds for m = n - t + 1 

r (2.1) holds for n - t < m _< n. | 

The  following theorem demonstra tes  tha t  F(n)  > 1 for all odd n > 3. 

Theorem 2.3. Let n > 3 be odd and a E An with a j = a n _  j [or O < j <_n. Then 

> 1. 

Proof.  This follows from Theorem 2.2, with r =  1. | 

Observat ion 2.4. Since the sum in (2.1) is linear in the aj's, it is clear tha t  any 

two (or more) solution vectors can be added componentwise to yield another  vector 
with positive gap. The only restriction is tha t  the new vector must  also have its 

components  in {0,1}. Thus the set of 2(n+1)/2-2 nontrivial  vectors a in Theorem 2.3 
can be described as the set of all admissible sums of the ( n +  1)/2 "basis" vectors 

( 1 , 0 , 0 , . . . , 0 , 0 , 1 ) , ( 0 , 1 , 0 , 0 , . . . , 0 , 0 , 1 , 0 ) , . . . ,  ( 0 , . . . , 0 , 1 , 1 , 0 , . . . , 0 ) .  

Al though there are many  vectors with positive gap, we now show tha t  most  
choices of a have gap equal to zero. 
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Theorem 2.5. 
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For n >_ 2 and randomly chosen a E An, 

Prob {7(a) >__ 1} < 2 -n/3. 

Proof. Let s = [n/JJ + 1. With arbi trary values aj for s < j < n, we show that  
there is at most one choice of the remaining aj's that  satisfies the condition in 
Theorem 2.2 for r = 1. This will follow because the sequence of binomial coefficients 
is superincreasing in an appropriate sense. Since s >_ (n+l) /3 ,  the desired probabili ty 
is at most 

2n+ l - s  2(2n+2)/3 22/3 2_n/3 
- -  < _ 2-n/3 < 

~An  - 2 n + l - 2  2 - 2  - n + l  

for n>__3. For n = 2 ,  the probability is 0, by Table 3. 

So now suppose that  there are two distinct vectors a and b such tha t  aj = bj 
for n/3<j<_n and 

( -1 )  j a j =  E ( -1 ) J  j = 0 .  
O<j<_n O<j<n J 

Let m be the maximum value of j for which aj 7s bj, so that  m < n/3. Then 

E ( -1)J(~) (aJ  - b j ) = O "  
O<j<m 

For each j ,  let uj = (-1)J(aj - bj)/(am - bin). Then 

Thus 

(2.2) 

E {--1,0,1}, Urn=(--1) m, and E uj =0. uj 
0 _<j<rn 

(:) = ( - - 1 ) m + l  E j uj < E " 
O<_j<m O<j<m 

But for 0 < j < m, we have 

Therefore 

~ (~ . ) (  n )--1 j + l  m n / 3 1  
= - - - - 7  < < - - < - .  

j + l  n - 3  - n - m + 1  - - ~ + 1  2 

O<_j<m O<j<m 

contradicting (2.2). II 
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For n > 2, we have the following trivial bounds on the maximal  gap: 

n - - 1  
0 < r ( n )  < ---~, 

since for each a E An, with interpolating polynomial f E Q[x], either f or f - 1 
has at least ( n + l ) / 2  zeros in {0 ,1 , . . . , n} ;  since f is not constant, we have 
deg(f )  = d e g ( f -  1 ) >  (n + 1)/2. In the following theorems we obtain bet ter  upper 
bounds on F(n). 

Theorem 2.6. If  n + l  is prime, then F ( n ) = 0 .  

Proof. By Theorem 2.2, F(n) > 0 if and only if 

(2.3) E ( -1 ) J  aj = 0 
o<_j<_n J 

for some a E An. Writing p = n + 1 and using the fact that  

= = (--1) j mod p 

for 0 < j  <p ,  we obtain 

E ( - 1 ) J ( P - l ) a j  =-- E l . a j m o d p .  
O<j<p J O<j<p 

This is congruent to 0 rood p only if the aj's are all 0 or all 1. Since these two 

cases are excluded (they give constant interpolating polynomials), (2.3) cannot be 
satisfied. Thus r ( n ) = 0 .  | 

Together with Theorem 2.6, any upper bound on the gaps between consecutive 
prime numbers gives an upper bound on F. 

Theorem 2.7. r(n)=O(n54s). 
Proof. From Theorems 2.6 and 2.2 it follows that  F(n) < n -  ( p -  1), where p is 
the largest prime less than or equal to n + 1. By Mozzochi's [2] theorem on prime 

number gaps, we have p >  n -O(n ' 548 ) ,  and thus F(n)=O(n '548) .  | 

The table of prime numbers gives m = m a x{ r (n )  : 1 < n < 128} _< 13, while the 
true value is m = 3, by Theorem 5.2. Indeed, we conjecture tha t  the true upper  
bound is a constant. 

Szegedy observed tha t  one can apply the results of Nisan and Szegedy [3] to 
obtain the following. 

Theorem 2.8. Let g: {0,1} n ~ {0,1} be a nonconstant symmetric Boolean function 

of n variables, d its Fourier degree, and a= (ao,... ,an)CAn with ai =g(liO n-i) for 
0 < i < n .  Then d = n - 7 ( a ) ,  and hence 

n - o ( n  54s )  _< n - r ( ~ )  < d < ~.  ! 
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3. Folded Vectors and Examples with Gap One 

In this  sect ion and  the  next  we exhib i t  several  infini te  famil ies  of vectors  wi th  
pos i t ive  gap.  Three  of the  families have gap  two, and  two families have gap  three.  

Def in i t ion  3.1. We have four n a t u r a l  opera t ions  on An, namely,  for a = (a0, . . . ,  

an) E An: 
the  reverse of a: g = ( a n , . . . , a 0 )  CAn,  

the  complement of a: e n - a = (1 - a 0 , . . . ,  1 - an) C An, 
the  prefix of a: r r a = ( a o , . . . , a n - 1 ) e A n - l U { ( O ,  . , 0 ) , ( 1 , . . . , 1 ) } ,  
the s~]5~ of a: ~ a = ( a i , . . . , a ~ ) ~ d ~ - l V { ( 0 ,  . . . ,0) , (1,  . . . ,  1)}, 

where en = (1 , . . . ,  1) e N n + l .  If f ~ Q[x] in te rpo la tes  a, then  f ( n -  x) and 1 - f 
i n t e rpo la te  ~ and e n - a ,  respectively.  In  pa r t i cu la r ,  v ( a ) = ' y ( ~ ) = v ( e n -  a). 

Because of the  s y m m e t r y  

i t  is convenient  to "fold" each vector  a E An back on i tself  and  consider  the  shor tened  
vector  b =  (bo, . . . ,  bs)= ~(a)  defined below. 

Def in i t ion  3.2. For n _> 2 and a C An, we define the  folded vector b = (bo,. �9 �9 bs) = ~o(a) 
as follows: 

(a0 - an, al - a n - l ,  . . . ,  a ( n _ l ) / 2  - a(n+l)/2) if n is odd,  

w(a) = (ao + an, al + an - l ,  . . . ,  a(n_2)/2 q-  a(n+2)/2)  if n is even, 

where s = [ ( n -  1 ) /2 j .  We denote  this  m a p p i n g  by  the folding operafor ~o: An --+ 

Bn C Z s+ l ,  where 

{ - 1 , 0 , 1 } (  n+1)/2 if n is odd,  

Bn = qo(An) = {0, 1, 2} n/2 if n is even. 

Obse rva t ion  3.3. If  n is even, we have an add i t iona l  componen t  an~ 2 in a, which 

does not  a p p e a r  in qo(a). However,  we may  usual ly  assume wi thou t  loss of genera l i ty  
t h a t  a n ~  2 ----- 0. Otherwise ,  the  complemen ta ry  vector  en - -  a has (en - a ) n / 2  = 0 and  

~ ( e n  - a)  = 2 e ( n - 2 ) / 2  - ~ ( a ) .  

In th is  nota t ion ,  Theorem 2.2 wi th  r = 1 says t h a t  7(a)>_ 1 for an a C An (wi th  
an~ 2 = 0 if n is even) if and  only if 

z 
o<_j<_s 
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where b = ~ ( a )  and s =  L ( n - 1 ) / 2 J .  This  is the p rope r ty  t ha t  we will work with  in 
the  sequel, and if b E Bn satisfies (3.2), we say t h a t  b has positive gap. In  par t icular ,  

if bE Bn has posit ive gap, then  7(a)>__ 1 for every a E  ~ - l ( { b } ) .  (If n is even, we 
require an~ 2 = 0.) On the other  hand,  for any a E An with ~/ (a)> 0, ei ther  b - - p ( a )  

has posi t ive gap or, if n is even and an~2=1, b = p ( e n - a )  has posi t ive gap. 

Observa t ion  3.4. If  n is odd, a E An, and b = ~(a )  E Bn, then  - b  = ~(~) = 
9~(en- a)E Bn. Thus  if n is odd, b has posit ive gap if and only if - b  does. 

Observa t ion  3.5. For i E {0,1} and b E Bn, we let wi (b) be the  number  of componen t s  

in b t ha t  equal i. If  n is odd, then  ~ F - l ( { b } )  = 2 w~ and if n is even, then  

~ : ~ - l ( { b } )  = 2  wl(b)+l,  because an/2 can be 0 or 1. (3.2) will guide our search for 

nontr ivial  gaps. However, the actual  gap "y(a) cannot  be  de te rmined  f rom p (a )  

alone. This  is i l lustrated by the  vectors a(1), a(2), a(3), defined after  T h e o r e m  4.2 
below, and ~ra from Theorem 4.2, which have the same  folded vector  bu t  gaps 

2,1,1,2,  respectively. Given b E Bn, it is easy to cons t ruc t  ~ - l ( { b } ) .  This  may, 
however, be  a large set, and working with the  single folded vector  b is advantageous ,  
b o t h  conceptual ly  (see the theorems below) and computa t iona l ly  (see Section 5). 
Note  in par t icular  tha t  

~ B n  ~ 3 n/2 ~ 2 n ,'~ ~:An. 

We now use our "folded vector" no ta t ion  to describe several  more  infinite 
families of vectors  with gap one. Our  basic idea is to take b E Bn with  bj ---- 0 for 

all but  a small  number  of consecutive values of j .  Then  (3.2) is equivalent  to a 
Diophant ine  equat ion in n and k of small  degree whose solutions we can determine.  
Our  examples  in Section 4 of gap two and three  are based on these families. 

In  the s implest  nontr ivial  case, we have bj = 0 for all values of j bu t  k and 

k + 1, where 0 < k < s - 1 = L ( n -  1)/2J - 1. Then  we can rewri te  (3.2) as follows: 

0 =  ~ " ( - 1 ) J ( 3 ) b J = ( - 1 ) k ( n k ) b k + ( - 1 ) k + l (  n 
o<_j<s 

= ( _ l ) k +  1 n! 
(k + 1)!(n - k)! ( in  - k)bk+l  - (k + 1)bk).  

I f  n is odd, then bk, bk+ 1 E { - 1 , 1 } ,  and the only possible solution has b k - -bk+ 1 
and n = 2 k +  1. But  this violates the requi rement  t ha t  k_< s - 1 .  

If  n is even, then  bk, bk+ 1 E {1,2}. But  k + 1 _< s, so t h a t  (~) < (k+l)  and  the  

only possible solution is bk = 2, bk+ 1 = 1. We find all solutions to this equat ion  in 
the  next  theorem. 

T h e o r e m  3.6. Let n be even, O < k ~_(n-4) /2, and bE Bn with bk=2 , b k + l = l  , and  
bj = 0 otherwise. Then b has positive gap if and only i f  

n = 6t + 2 and k = 2t for some t >_ l. 
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Proof. By the above, it is sufficient to find all solutions to the equation 

2 ( k  + 1) = n - k.  

Then n = 3 k + 2 .  Since n is even, we have k = 2 t  and n = 6 t §  for some t > 0 .  This 
solution satisfies k <_ ( n -  4)/2 if and only if t >_ 1. l 

Coronary 3.7. f o r  each b E B n  ~ in Theorem 3.6, we have ~pg~-1({b})--4, and for 

each Of the tWO a �9 qo - 1  ({b}) with an~ 2 = O, we have "7(a) = 1. 

Proof. Observation 3.5 implies the first claim. It  is straightforward to check that  

neither of the two vectors a �9 ~ - 1  ({b}) with an~ 2 = 0 satisfies (2.1) with r = 2; thus 

7(a) < 2. I 

If we allow b �9 Bn to have three consecutive nonzero components, we obtain a 
second-order Diophantine equation in n and k. So suppose that  all components of 
b except bk_l ,  bk, bk+ 1 are zero. Then (3.2) is equivalent to 

k 1 bk-1 + ( -1 )k  bk + (--1)k+l n bk+ 1 = O, 
- k + l  

or, equivalently, 

( n -  k + 1 ) ( n -  k)bk_ 1 - ( n -  k + 1)(k + 1)b k + (k + 1)k bk+ 1 = O. 

Writing m = n -  k, (3.2) is equivalent to 

(3.3) (m + 1)m bk_ 1 - (ra + 1)(k + 1) b k + (k + 1)k bk+ 1 = O. 

Because k < m, we can quickly rule out most values of (bk_ l ,bk ,bk+l)  as 
solutions. We find that  if n is even, then (bk_l ,bk ,bk+l)  equals (1,2,1), and that  
if n is odd, then it equals ( -1 ,1 ,1 )  or ( 1 , - 1 , - 1 ) .  The two possibilities for odd 
n correspond to pairs of unfolded vectors in An that  are reverses of each other, 
as discussed in Observation 3.4. The complete solutions are given in the next two 
theorems. 

Theorem 3.8. Let  n be even, 1 <_ k <_ ( n -  4)/2, and b �9 Bn  with bk_ 1 = bk+ 1 = 1, 
b k = 2, and bj = 0 otherwise. Then b has posit ive gap i f  and only i f  

n = 4 t  2 - 2  and k = 2 t  2 - t - 1  for some t_>2.  

Proof. Letting m =  n - k  and using (3.3), we have to find all integral solutions with 
1 <_ k < m of the equation 

(m + 1 ) m -  2(m + 1)(k + 1) + (k + 1)k = 0. 

Solving for m, we obtain 

(2k + 1) • S , / g ~ 9  

2 
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Thus  8 k + 9 = u  2 for some u c N ,  from which it follows t h a t  

u 2 • 4u - 5 
m -  

8 

Since m E N ,  it follows t ha t  u is odd,  say u = 2 v - 1  for some v C N .  Then  

v 2 - v - 2 (v 2 - v - 1) & (2v - 1) 
k = and m = 

2 2 

Since m > k, we have 

"IT/, 
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(v 2 -  v -  1) + ( 2 v -  1) v 2 + v -  2 

2 2 

Proof .  We seek all  solut ions  to the  equa t ion  

This  p rob lem has been solved by several  au thors  using s t a n d a r d  techniques  for Pel l  
equat ions;  see, e.g., S ingmas te r  [4] and  Tovey [6]. In S ingmas te r  [4] i t  is shown t h a t  
(n, k) is a solut ion if and  only if 

n = F2i+2F2i+3 - 1 and k = F2iF2i+3 for some i > 0. 

In  addi t ion ,  we require  t ha t  n be odd  and  t ha t  k >  1, so i_> 1 and  e i ther  F 2 i + 2  

o r  F 2 i + 3  is even. Since Fj is even if and  only if j -= 0 m o d  3, it  follows t h a t  the  
genera l  solut ion is val id for our purposes  if and  only if  i > 1 and  i ~ ! rood 3. | 

Theo rem 3.9 shows t ha t  F (n )  > 1 for n = 103,731, . . . .  However,  we a l r eady  
know from Theo rem 2.3 t h a t  F ( n ) >  1 for all odd n > 3. 

So far we have considered the first- and  second-order  D iophan t ine  equat ions  
t ha t  arise if all  bu t  two or three  consecut ive componen t s  of the  folded vector  b 
are zero. We could cont inue in this  vein by  l e t t ing  four consecut ive componen t s  be 
nonzero,  bu t  th i rd -o rde r  Diophan t ine  equat ions  do not  usua l ly  yie ld  infini te  families 
of solutions.  One except ion is given by the  following theorem.  

Then  n = k + m = v 2 - 2. Since n is even, we have v = 2t for some t C N .  Thus  we 
ob ta in  

n = 4 t  2 - 2 ,  k = 2 t  2 - t - 1 ,  m = n - k = 2 t  2 + t - 1 .  

One checks t ha t  this  solut ion is val id for all t > 2 ,  bu t  not  for t = l .  | 

The  F ibonace i  numbers  are given by  F0 = 0 ,  F1 = 1, and  Fi = Fi-1 §  for 
i>2 .  

T h e o r e m  3.9. Let n be odd, 1 ~ k ~_ ( n - 3 ) / 2 ,  and  b E Bn with bk-1 = - - 1 ,  
b k = bk+ 1 = 1, and bj = 0  otherwise. Then b has positive gap i f  and only i[ 

n = F2i+2F2i+3 - 1 and  k = F2iF2i+3 for some i ~ 2 with i ~ 1 m o d  3. 
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Theo rem 3.10. Let n be odd, 2 ~ k < (n - 3)/2, and b E Bn with bk_ 2 = bk-1 = 1, 
b k = b k + l = - I  , and bj=O otherwise. Then b has positive gap if  and only i f  

n = 4t 2 -- 3 and k = 2t 2 - t - 1 for some t > 2. 

Proof.  We have 

o<_j<(~-1)/2 

By Theorem 3.8, this expression is zero only if 

n + l = 4 t  2 - 2  and k = 2 t  2 - t - 1  for some t >  1. 

Moreover, this solution is valid for all t > 2. | 

4. F a m i l i e s  w i t h  G a p  T w o  or  T h r e e  

In this section we use Theorem 2.2 with r 2 2 to find families with gap two 
or three. First  we convert the condition in Theorem 2.2 into a more convenient 
condition. 

We claim tha t  condit ion (iii) in Theorem 2.2 entails the following relations: 

O ~ j ~ m  \ J /  

which are easily proved by induction, using Pascal 's  triangle. (4.1), together  with 
Theorem 2.2, implies the following propagat ion of the gap to  and from prefix and 
suffix vectors, which will be useful in establishing the theorems of this section. 

Propos i t ion  4.1. Let n > 2, r > 2 and a G Q n + l .  
( i ) - ~ ( a ) ~ r  r " y ( ( a o , . . . , a n _ i ) ) ~ r - i f o r O < i < r .  

(ii) "y(a) > r r ~/(a) >__ 1 and ~/(~a) >_ r - 1. 
(iii) ~ ( a ) > r  r -~ (a )> l  and ~/(cra)>_r-1. 
(iv) ~(a) > ~ r ~(~a) > ~ -  1 and ~(~a) > ~ -  1. 
(v)  r ( n - 1 ) > _ r ( ~ ) -  1. 

Proof.  We denote by E ( m , a )  the sum in (2.1). For O < i < r  and n - r < r n ~ _ n - i ,  
we have E(m,  a) = E(m,  (a0, . . . ,  an-i)) .  Then  (i) and (ii) follow from Theorem 2.2. 
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Next, (iii) follows from (ii) applied to g, since ~/(a)=7(g) and "y(#a)='y(~-d)=7(7r~). 
In (iv), " ~ "  follows from (ii) and (iii). For "< ", we have a unique polynomial of 
degree at most n - 2  interpolating a l , . . .  , an - l ;  by assumption, it also interpolates 
a0 and an. For (v), let aEAn with P(n)=v(a )=r .  Then r:aCAn-1 or craEAn-1, 
and in either case P ( n -  1)_> r -  1, "by (ii) or (iii). | 

The propagation in (v) is illustrated in Table 3 for n =  15, 35, 63, 99,105. 
Proposition 4.1 (v) says that for gap two we need positive gaps for two consec- 

utive values of n. This occurs, e.g., in Theorems 3.8 and 3.10. The next theorem 
gives the gaps of the corresponding vectors. We use the notation introduced in 
Definition 3.1 to represent prefix and suffix vectors. 

Theorem 4.2. L e t t > 2 ,  n = 4 t  2 - 1 ,  k = 2 t  2 - t - l ,  a n d a C A n  with a k = a k + l =  
an_k_l =an_k =l ,  and aj =O otherwise. Then 

(i) ~(a) =a ,  
(ii) v(~a) =2, 

(iii) "/(7~a) = 1. 

Proof. Let a / = 7r~a = (ao . . . .  ,an-2) E An-2. Then b = - ~ ( a  ~) G Bn-2 satisfies 
Theorem 3.10, and thus v(a t) > 1. Proposition 4.1 (ii) and Theorem 3.8 imply the 
lower bound on ~/(rca) in (ii). By Theorem 2.3, we have -y(a) > 1, and hence 7(a) _> 3, 
using the lower bound in (ii) and Proposition 4.1 (ii). Finally, the sum (2.1) for 
m = n - 3  is 

( -1)  k" ( - ( ~ - ~ ) +  ( k - ~ )  + ( n k 3 ) -  ( k z T ~ ) ) '  

Substituting for n and k, one finds that  the sum is nonzero for all t; this implies all 
the upper bounds, by Proposition 4.1 (ii). , |  

This approach 
k = 2 t 2 - t - l :  

suggests considering some other vectors, with n = 4t 2 - 2 and 

a ( 1 ) = ( . . .  1 ] 0 . . .  1 1 0 . . . )  ~ A ~ ,  
a ( 2 ) : ( . . .  0 1 0 . . .  t 1 1 . . .)  E An, 
a( 3 ) = ( . . .  1 1 1 . . .  0 1 0 . . . )  CA~,  
a (4) = (. . .  1 1 0 . . .  1 1 0 . . .  0 ) E An+l,  
a(5) = (. . .  0 1 1 . . .  0 1 1 . . .  0 0 ) E An+2, 

k - 1  k k + l  n - k - 1  n - k n - k + l  

Now a (1) = ~ a  (4), a(2) =a(a), and a = ~ a  (5) is as in Theorem 4.2. Then one checks, 
using the method of Theorem 4.2 and additional calculations for the last four upper 
bounds, that  

~(a(1)) = 2, ~(a(2)) = ~(a(a)) = 1, ~(a (4)) = ~(a(5)) = 0. 
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Just as we found vectors with gap three from the basic solution of Theorem 3.8, 
we now extend Theorem 3.9 in the same way. 

From Proposition 4.1 (iv) it follows that in order to have 7(a) >_ 2, we must 
have 7(Tra) > 1 and "y(aa) > 1. One can show that  there is essentially just one way 
to choose ~ra, o'a satisfying Theorem 3.9 and/or  Theorem 2.3 to create a G An+l 
with 3'(a)>_ 2. This solution is given in the following theorem. 

The proof below will use the fact that  alternating sums of binomial coefficients 
can be collapsed as follows, for any 0 < k < f < n  with n > l :  

(4.2) 
< ,  = < ((: :)+ 

k<_j<~ k<j<_s _ 1) .  

As usual, (n-ll) and (n~ l )have  to be interpreted as zero, and (0 O) as one. 

Theorem 4.3. Let i > 2  with i ~ 1  rood 3, n =  F2i+2F2i+3+1, k=F2iF2i+3, and let 
a E An be given by 

(0 ,1 ,0 , ]  . . . .  , 1 , 0 , 1 ,  1, 0 , 0 , . . . , 0 , 0 ,  
a =  (1,0,1,0, ,1 ,0 ,1 ,  1, 0,0, ,0 ,0 ,  

0 k k+l 

1, 1, 0 , 1 , . . . ,  1,0), 
1, 1, 0 , 1 , . . . , 0 , 1 ) ,  

n - k - 1  n - k  n 

where the top line is used for odd k, and the bottom one for even k. Then n is odd, 
and the following hold. 

(i) , ( a )  =3.  
(ii) ~/(Tra) =~/(cra)= 2. 

Proof. Both a and G~ra--7cGa are symmetric, hence have gap at least one by 
Theorem 2.3. If k is odd, then b = qD(acra) satisfies Theorem 3.9, so that  ~/(Gcra) > 1 
as well, and then "y(aa) > 2 and "~(a) > 3, by Proposition 4.1 (iii) and (iv). If k is 
even, then b-- qo(Twra) satisfies Theorem 3.9, so that  -y(Tra) > 2 and v(a) >_ 3, again 
by Proposition 4.1. This shows all lower bounds. 

Finally, it is sufficient to show that ~/(a~rqra)=0; this implies M1 claimed upper 
bounds by Proposition 4.1 (iv). For odd k, Theorem 2.2 implies that  O~(G~rTra)> 0 
if and only if the following sum is nonzero: 

using (3.1) and (4.2). The last sum is nonzero by Theorem 3.9. 
A similar calculation establishes the theorem for even k. 
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r(n) 
_>1 

/_--1 

_>2 

_>3 

> 2  

->3 

q~ 

2t-- 1 

6t - -4  

4t 2 -- 2 

4t 2 -- 1 

F2i+2F2i+3 

F2i+2F2i+3 + 1 

first five values 

3,5,7,9,11 

8, 14, 20, 26, 32 

14, 34, 62, 98, 142 

15, 35, 63, 99, 143 

104, 714, 33552, 229970, 10803704 

105, 715, 33553, 229971, 10803705 

Table 1. Lower bounds on F. 

reference 

Thm 2.3 

Thin 3.6 

'Thin 4.2 (ii) 

Thin 4.2 (i) 

Thin 4.3 (ii) 

Thin 4.3 (i) 

We summarize our main results so far, namely the lower bounds on F(n), in 
Table 1, where t->2, and i->2 satisfies i ~ 1  rood 3. 

We conclude this section with three more examples of positive gap which, 
however, do not increase the lower bounds on F that  we already proved. For 
brevity 's  sake, the proofs are left out. Two key ideas used in discovering the 
examples are the telescoping trick in (4.1) and the fact that  folded solution vectors 
b can be combined linearly to form new folded solution vectors. 

Theorem 4.4. (i) Let r -> 2 be even, 

4 + 3 v ~ ( 3  + 2 v ~ )  r + (3 - 2 e 5 )  r, 
TL : TLr - -  T 

= - - -  +2v% r+ (3-2757 2' 

and b E Bn with bj = 1 for 0 < j < k, b k = bk+l = - 1 ,  and bj = 0 otherwise. 
Then n, k E N ,  n is odd, and b has positive gap. 

(ii) Let u-> 4 with u~O rood 3, n = 4 u 2 - 2 ,  k = ( 4 u 2 - 4 ) / 3 ,  m = 2 u 2 - u - 1 ,  and 
bEBn  with bk=bm=2  , bk+l = b m _ l = b m + l  = l ,  and bj=O otherwise. Then 
b has positive gap. 

(iii) Let r, n = n r ,  and k = k r  be as in (i), with r K 2  mod 4; let s  and 
let b C Bn be defined by 

1 i f j e { O , . . . , k - 1 } \ { g , g + l } ,  

bj = 0 i f j  E {g + 1} U {k + 2, . . . ,  ( n -  1)/2}, 

- 1  i f j e { g , k , k §  

Then n = 5 mod 6, and b has positive gap. 

Remark.  The vectors given in Theorem 4.4(iii) have n = 3 5 ,  40389, . . . ,  where each 
value of n is about 577 times as great as the previous value. The example with 
n = 35 can be found in the computer-generated list of folded vectors with positive 
gap. 
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5. C o m p u t e r - G e n e r a t e d  Vec to r s  w i t h  Pos i t i ve  G a p  

For any given n E N we can, in principle, apply Theorem 2.2 to all 2 n + l -  2 
vectors a E An to find those with positive gap. It is more efficient, however, to 

do our exhaustive search over folded vectors, of which there are only about 3 n/2. 
The unfolded vectors corresponding to folded vectors with positive gap can then be 
examined individually to find those with gap equal to two, three, or more. 

The search over folded vectors can itself be simplified considerably by making 
use of the superincreasing nature of the sequence of binomial coefficients (~) for 

sufficiently small j,  much as in Theorem 2.5. This is illustrated by the adaptive 
algorithm below, for odd n. A similar algorithmworks for even n. 

Algorithm 5.1. Suppose that n is odd. We seek all vectors 

b = (bo , . . . ,  b(n_l)/2 ) C {-1 ,0 ,  1} (n+l)/2 

such that (3.2) holds. 

We choose the components in reverse order, beginning w i t h  b(n_l)/2 , which 

multiplies the largest binomial coefficient in the sum. After choosing each new 
component bk, we observe tha t  

' O<j<_(n--1)/2 k<j<(n-1)/2 O<j<k 

z 
k<_j<(n-1)/2 / I O<j<k 

If the last inequality is violated, then our choice of (bk , . . . ,  b(n_l)/2) is incon- 

sistent, so we can prune 3 k vectors from the search tree and try a different value 

of b k. The search ends when we have either pruned or explicitly tried all 3( n+l)/2 

vectors b E {-1 ,  0,1} (n+1)/2. 

Our empirical evidence indicates that the algorithm above requires about 2 n/4 
steps to test all b E Bn. A Fortran implementation running for a week stealing 
unused machine cycles on a 4-processor 33-Megahertz MIPS R3000 system found 
all folded vectors with positive gap for 2 < n < 128. In addition to the 98 solutions 
obtained from the theorems of the previous sections, we found 29 new solutions. 

In Table 2 we list all folded vectors with positive gap for 2 < n < 128 found 
by an exhaustive computer search. To save space, we omit the 63 all-zero vectors, 
which are solutions for all odd n. We also omit the 21 vectors (0 , . . . ,0 ,2 ,1 ,0 , . . .  ,0), 
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n 

13 0 0 0 +  + - -  (T3.10) 
14 0 0 0 0 1 2 1  (T3.S) 
24 2 2 2 1 0 2 2 1 2 1 0 0  

0 0 2 0 0 1 2 1 0 1 2 1  
29 0 0 0 0 0 0 0 - - 0 + - - 0 0  
31 0 0 0 - - 0 0 + - 0 - - + + - -  

0 0 0 + + 0 0 - + + 0 + 0 + 0 -  
33 0 0 0 0 0 0 0 0 0 0 0 0 + + - - 0  (T3.10) 
34 0 0 0 0 0 0 0 0 0 0 0 0 0 1 2 1 0  (T3.8) 

0 0 0 0 0 0 2 2 0 1 2 1 1 2 1 0 0  
0 0 0 0 0 0 2 2 0 1 0 2 2 2 1 0 0  
0 0 0 0 0 0 2 2 0 1 2 1 1 0 1 1 0  
0 0 0 0 0 0 2 2 0 1 0 2 2 0 1 1 0  

35 + + + + + + + + + + + + + + - - 0 0  
+ + + + + + + + + + + - 0 + - - 0 0  

38 0 0 0 2 0 1 0 2 2 0 0 0 1 1 0 2 0 0 1  
41 0 0 0 0 0 + 0 + 0 0 0 + + - - - 0 - - 0 0  

0 0 0 0 0 + 0 + 0 0 0 + + + 0 - 0 - - 0 0  
0 0 0 0 0 - - -  + - 0  + 0 - 0  + - - - 0 0 0  
0 0 0 0 0 - - - + - 0  + 0  + + + - - 0 0 0  

44 0 0 0 0 0 2 1 2 0 0 2 0 0 2 1 2 0 1 1 1 2 1  
47 0 0 0 0 0 0 0 0 0 0 0 + 0 0 + 0 + - - 0 0 0  
48 2 2 2 1 0 2 1 1 1 0 0 1 1 2 1 1 0 1 0 1 1 0 0  
54 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 2 0 1 0 0 1 2 1  
61 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0  
62 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0  

0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 2 1 0  
0 0 0 0 2 2 0 0 0 0 1 1 0 2 1 0 2 0 1 1 0 1 2  
0 0 0 0 2 2 0 0 0 0 1 1 0 2 1 0 2 0 1 1 2 2 2  
0 0 0 0 2 2 0 0 0 0 1 1 0 2 1 0 2 0 1 1 2 2 2  
0 0 0 0 2 2 0 0 0 0 1 1 0 2 1 0 2 0 1 1 0 1 2  

(T4.4(i)) 
(T4.4(iii)) 

00 
0 
0 0 0 0  
0 0 + + - - 0 0  
0 0 0 1 2 1 0 0  
O O O 1 2 1 O 0  
0 1 2 1 0 1 1 0  
0 1 2 1 0 1 1 0  
0 1 2 2 2 2 1 0  
0 1 2 2 2 2 1 0  

(T3.10) 
(T3.S) 
(T4.4(ii)) 

0 0 0 0 2 2 0 0 0 0 0 1 2 1 2 1 0 2 2 0 2 0 1 2 0 2 2 0 1 1 0  
63 + + 0 - 0 + 0 + + + + + 0 + + - + + + - - + + - - 0 0  
73 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 + 0 + - + 0 0 - 0 + 0 - 0 + - - 0 0 0 0 0 0  

0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 + 0 - 0 0 + - + - - 0 + + + - - 0 0 0 0 0 0  
74 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 2 1 0 2 0 2 2 2 1 1 1 1 2 1 0 0 0 0 0 0 0  

0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 2 0 1 2 1 1 2 2 1 1 2 1 0 0 0 0 0 0  
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 1 2 1 2 2 2 1 1 2 2 1 1 2 1 0 0 0 0 0 0  

97 0 3 0 0 0 0 0 0 0 0 0 0 0 0 0 + + - - 0 0 0  (T3.10) 

98 0 3 o 0 0 0 0 0 0 0 0 0 0 0 0 0 1 2 1 0 0 0  (T3.8) 

0 3 ~  (T4.4(ii)) 

103 0 3 0 0 0 0 0 0 0 0 0 + - - 0 0 0 0 0 0 0 0 0 0 0  (T3.9) 

104 1 3 0 1 1 1 1 1 1 1 1 1 2 1 0 0 0 0 0 0 0 0 0 0 0  (T4.3) 

~ble  2. ~ l d e d  vectors  wi th  posit ive gap ~ r  n ~  128 
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which occur for all n of the form 6t+2. Thus of the 98 previously obtained solutions, 
only 14 are recorded in the table. 

For even n, the components are written in the order bo,bl, . . . ,  b(n_2)/2. For 

odd n, we represent - 1  and +1 by " - "  and '%",  respectively. If  bEBn for odd n, 
then - b  E Bn has the same gap, as discussed in Observation 3.4. We list just  one 
of the two in the table. 

After each vector given by a previous theorem we write "T" followed by the 
theorem number. In addition, there are 21 essentially different new solution vectors, 
which we do not know how to fit into a family, plus 8 other solutions tha t  can be 
written as simple linear combinations of other solutions. 

In Table 3, we list F(n) for 1 < n < 128. We omit the sometimes lengthy 
calculations that  justify these values and yield the following theorem. 

Theorem 5.2. The maximum value o fF(n )  for 2 < n < 1 2 8  is 3. 

Question 1. What  is the order of F(n)? 

Conjecture. The maximum value of F(n) for n E N is 3. 

Question 2. A generalization of our problem is to consider some set K C_ Q and 
f E Q[x] of degree at most n with {f(0),  . . . ,  f (n )}  C_ K.  What  bounds can we give 
on P K (n) = max{n - deg(f)}? 

Remark.  For k = # K > _ 2 ,  the trivial bound is FK(n  ) < k~__tl n. 

Some results of this paper  are valid more generally than stated; for example, 
the characterizations of Section 2 obviously hold for fields of characteristic zero or 
p > n. Theorem 2.6 then implies that  every two-valued polynomial of degree less 
than p over a finite prime field Fp has maximal degree, namely p -  1. The trace 
from F2,, to F2 shows that  this is not true for all finite fields. 

Question 3. Which degrees less than q - 1  can two-valued polynomials over a finite 
field Fq have? 
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n 

1 

2 

3 

4 

5 

6 

7 

8 

9 

10 

11 

12 

1 3  

14 

1 5  

16 

17 

18 

19 

20 

21 

22 

23 

24 

25 

26 

27 

28 

29 

30 

31 

32 

0 

0 

1 

0 

1 

0 

1 

1 

1 

0 

1 

0 

1 

2 

3 

0 

1 

0 

1 

1 

1 

0 

1 

1 

1 

1 

1 

0 

1 

0 

1 

1 

33 1 

34 2 

35 3 

36 0 

37 1 

38 1 

39 1 

4O 0 

41 1 

42 0 

43 1 

44 1 

45 1 

46 0 

47 1 

48 1 

49 1 

5O 1 

51 1 

52 0 

53 1 

54 1 

55 1 

56 1 

57 1 

58 0 

59 1 

60 0 

61 1 

62 2 

63 3 

64 0 

r(n) 
65 1 

66 0 

67 1 

68 1 

69 1 

7O 0 

71 1 

72 0 

73 1 

74 1 

75 1 

76 0 

77 1 

78 0 

79 1 

80 1 

81 1 

82 0 
83 I I 

84 0 

85 I 

86 I 

87 I 

88 0 

89 1 

90 0 

91 1 

92 I 

93 1 

94 0 

95 1 

96 0 

n 

97 

98 

99 

100 

101 

102 

103 

104 

105 

106 

107 

1 0 8  

109 

110 

111 

112 

113 

114 

115 

116 

117 

118 

119 

120 

121 

122 

123 

124 

125 

126 

127 

128 

1 

2 

3 

0 

1 

0 

1 

2 

3 

0 

1 

0 

1 

1 

1 

0 

1 

0 

1 

1 

1 

0 

1 

0 

1 

1 

1 

0 

1 

0 

1 

1 

Table 3. Ma xim a l  gaps for n_~ 128 
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